NEWS AND VIEWS

COMPUTATION

Undecidable dynamics

Charles H. Bennett

ALLUDING to the effects on twentieth-
century physics of quantum mechanics
and general relativity, the cosmologist
John Wheeler once remarked that the
world is simpler and stranger than we can
imagine. An analogous dose of strange
simplicity was delivered to mathematics
in the 1930s by the discoveries of Godel,
Turing and their contemporaries in the
theory of proof and computation. Yet
there have been surprisingly few applica-
tions of these ideas to physics. In particu-
lar, the phenomenon of ‘undecidability’
has not asserted itself in any simple,
uncontrived physical setting the way that
deterministic chaos, a far weaker proper-
ty, has. (For a dynamical system to be
chaotic means that it exponentially ampli-
fies ignorance of its initial condition; for
it to be undecidable means that essential
aspects of its long-term behaviour — such
as whether a trajectory ever enters a cer-
tain region — though determined, are
unpredictable even from total knowledge
of the initial condition.) But C. Moore
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FIG. 1 A universal Turing machine consists of
an infinite passive tape and a finite active
read/write head. It can be programmed,
through the initial state of its tape, to perform
any computation.

has now' come closer than any to a simple
dynamical representation of undecidibility.

The theory of computation encom-
passes any situation in which discrete
symbols are manipulated according to a
fixed program or algorithm. A distinctive
feature of computation is the ability to
program an open-ended search for some-
thing that may or may not exist, such as
a counterexample to Fermat’s Last
Theorem, which asserts that the equation
x" + y" = z" has no solutions in positive
integers for n > 2. If a counterexample
exists, the computation will find it, but if
it does not exist, the computation will
continue forever without finding it. The
lack of any general procedure for decid-
ing a priori whether computations ter-
minate, called the ‘unsolvability of the
halting problem’, is the central negative
result of computability theory. Not only
termination, but any other global prop-
erty of computations that might be used
to signal the outcome of an open-ended
search, such as whether a certain bit is
ever turned on, is similarly algorithmi-
cally undecidable.

The central positive result of com-
putability theory is the existence of
‘universal computers’, which can be pro-
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grammed to simulate any other computer
and perform any digital computation.
Computational universality manifests
itself in the well known ability of real
computers (other than specialized ones
like those in digital watches) to simulate
one another, so that they differ in speed
and convenience, but not in the range of
computations they can be made to per-
form. By extension, a discrete or continu-
ous dynamical system is called computa-
tionally universal if it can be programmed
through its initial conditions to perform
any digital computation.

For example, the cellular automaton
game Life — in which the state (‘alive’ or
‘dead’) of each cell in an infinite array of
cells changes according to the states of its
neighbours — has been shown to be com-
putationally universal. One can therefore
construct an initial condition for it that
will implement an arbitrary computation,
such as conducting a search for counter-
examples to Fermat’s Last Theorem and
turning on a designated cell when a coun-
terexample is found.

Universality and undecidability are
closely related: roughly speaking, if a uni-
versal computer could see into the future
well enough to solve its own halting prob-
lem, it could be programmed to contra-
dict itself, halting only if it foresaw that it
would fail to halt. We are thus left with a
tantalizing situation. On the one hand,
the global map of any computationally
universal process — the iterative limit of
its operations — is an infinitely valuable
microcosm of all iterative processes and
all causc-effect relations that can be
demonstrated by deductive logic or num-
erical simulation. On the other, because
of the unsolvability of the halting problem,
this same global map cannot be computed
directly. It can only be approximated as
the limit of an iterative process that con-
verges with uncomputable slowness.

Computational universality was origin-
ally demonstrated for a very simple type
of ideal computer, the Turing machine,
which consists of an infinite passive tape,
on which data is stored in the form of
binary digits 0 and 1, and a finite active
head which shifts the tape back and forth
manipulating the data one bit at a time
(Fig. 1). It is this type of computer which
Moore has recently succeeded in embed-
ding in a continuous dynamical system'.
Ideally, as Moore points out, one would
like to prove computational universality,
and undecidability, for some famous
problem in continuum dynamics, like the
three-body problem — the calculation of
the orbits for three interacting masses.
Moore’s system, while still simple, is less
natural: it corresponds to the motion of

© 1990 Nature Publishing Group

a single classical particle in a three-
dimensional box containing a finite num-
ber of plane and parabolic mirrors.
Moore’s construction generalizes the
ability (Fig. 2) of simple chaotic dynami-
cal processes to split a parallel bundle of
trajectories in two, deform and reunite
the parts, then feed them back into the
original bundle in such a way that trajec-
tories are continually pulled apart in
one direction (here horizontally) and
squeezed together in another (here ver-
tically). Associated with any such process
is a certain fractal set of initial conditions
shown in the enlarged cross-section of the
bundle and called a Cantor set. This set
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FIG. 2 Typical chaotic dynamics has the effect
of splitting a bundle of trajectories into two
parts, then deforming and merging them to
produce a simple deterministic shuffle of the
associated Cantor set visible in the enlarged
cross-section. Moore's generalization of this
splits the bundie into several dozen parts,
then deforms and merges them to produce a
more complicated shuffle equivalent to the
action of a Turing machine.

has the form of a solid square from which
a vertical and a horizontal cut have been
removed leaving four smaller squares,
each of which is further subdivided in the
same way ad infinitum until no solid con-
tiguous pieces remain. The dynamics has
the effect of performing a rather simple
deterministic shuffle of all the infinitely
many points in the Cantor set, so that
each point in the left half of the Cantor
set, after one turn of dynamics, ends up
as a corresponding point in the top half,
and each point in the right half ends up in
the bottom half.

This shuffle can be described more
abstractly as a repeated left-shifting of an
infinite binary sequence whose left and
right sides represent, respectively, a
point’s vertical and horizontal address
within the Cantor set. Left-shifting a
sequence without changing it is just a
rather trivial Turing-machine computa-
tion, and Moore’s particle-and-mirror
system manages to generalize the dynam-
ics enough to implement a full range of
Turing-machine actions needed for uni-
versality. Plane mirrors are used to split
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and merge trajectory bundles to imple-
ment reading and writing, and the para-
bolic mirrors are used to squeeze and
stretch the bundles to implement shifting.

Moore’s is the most economical
dynamical model of computation as it
uses just three dynamical variables (the
coordinates of a single particle) to encode
the entire logical state of the computa-
tion. But, because logically distinct states
are packed arbitrarily close together in
physical space, Moore’s dynamics cannot
tolerate any amount of disturbance, how-
ever small, by external noise.

A less economical, but otherwise far
simpler and more straightforward embed-
ding of computation in dynamics is pro-
vided by Fredkin’s billiard-ball model’,
which uses one ideally hard, frictionless
billiard ball to represent each bit of data,
and performs all necessary logic opera-
tions by causing the balls to collide with
one another. Like Moore’s, this model is
reversible: ideally its operation would
consume no energy, and reversing the
velocities of all the balls (or Moore’s one
ball) would cause the motion to run back-
ward, exactly undoing the computation.

The differential equations describing a
real electronic computer provide another
dynamical model at the same level of
economy (a few dynamical variables —
voltages and charges — per bit). Unlike
the preceding models, an electronic
computer can recover from small disturb-
ances due to external noise: the ability to
do so depends both on having enough
dynamical variables to keep logically dis-
tinct trajectories physically far apart, and

also on the equations’ irreversibility,
manifested in a real computer’s consump-
tion of electricity and production of heat.

At the opposite extreme from Moore’s
is a model sketched by Omohundro’,
which simulates an arbitrary cellular
automaton by a set of space- and time-
independent partial differential equa-
tions, thereby using infinitely many
dynamical variables to encode each bit.
Like a real computer, it is irreversible
and can recover from small disturbances
due to noise; combining it with recent
error-correcting  cellular  automata®
should yield models also able to recover
from the large but rare disturbances
characteristic of natural noise sources.
Despite their infinitude of dynamical
variables, partial differential equations
provide the most natural mathematical
model for processes occurring in uniform
physical space-time, such as fluid flow
and wave propagation. So, models of this
type hold out the hope that some totally
structureless homogeneous medium — an
exotic chemical brew, say — might have
universal computing abilities, just as
simpler brews have the ability to crystal-
lize or to generate spontancous chemical
waves and oscillations. 0
Charles H. Bennett is at the IBM Research
Center, Yorktown Heights, New York 10598,
USA.
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PROTEIN CHEMISTRY

Founding fathers and families

Carl-lvar Bréndén

SIMILARITY between the three-dimen-
sional structures of two proteins need not
necessarily imply that their functions are
similar. But on page 623 of this issue',
Flaherty et al. suggest that major confor-
mational changes play an important part
in the function of heat-shock proteins, on
the basis of the extensive structural simi-
larity they observe between the ATP-
binding domains of the heat-shock protein
hsp70 and the enzyme hexokinase, the
archetypal example of an enzyme activ-
ated by ‘induced fit” when a substrate is
bound.

Members of the hsp70 family of
proteins are ubiquitous and have highly
conserved amino-acid sequences’. Some
members ‘escort’ other proteins into cell
organelles such as the endoplasmic reti-
culum, the chloroplast and the lysosome.
By acting as molecular ‘chaperones™, they
prevent their charges from meeting or
aggregating with other molecules and
ensure that they are translocated in the
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unfolded form through membrane pores.
Other members of the hsp70 family can
bind to and, in the presence of ATP, disso-
ciate protein complexes.

Flaherty et al.' have worked on one such
member, the enzyme that removes clath-
rin molecules from coated vesicles. This
polypeptide of relative molecular mass
(M) 70,000 hydrolyses ATP to drive the
energetically unfavourable release of
clathrin. Its amino-acid sequence shows
about 50 per cent homology with other
members of the hsp70 family, which
effectively means that any gross structurat
information derived from this protein is
relevant for all members of the family.

The ATPase activity and the clathrin-
binding function of this enzyme reside in
two different domains within the polypep-
tide chain. Although there are numerous
examples of these two-domain proteins —
the most famous being the /ac repressor —
they are often difficult to crystallize, pre-
sumably because of a flexible hinge region
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Topologies of the foids of three families of
nucleotide binding «/B proteins. Cylinders
represent a-helices and arrows fS-strands.
a, The ATPase fold' for clathrin-uncoating
ATPase; b, The G-protein fold that binds GTP
and is found in ras proteins®; ¢, The Rossmann
fold that binds NAD in several dehydro-
genases®.

between the domains. When this is the
case, the standard procedure is to attempt
to crystallize individual domains and
relate their structures to the protein’s
function. Flaherty et al. have determined
the X-ray structure of a M, 44,000 amino-
terminal fragment of the uncoating
ATPase which retains the ATPase activity
of the complete protein but does not bind
clathrin. The polypeptide chain of this
fragment folds into a bi-lobate structure
with a deep crevice between the lobes in
which ATP binds. Each lobe has a similar
structural core built from five S-strands
and three a-helices (a in the figure).

Most kinases and dehydrogenases as
well as many other proteins have cores
built of alternating a-helices and
B-strands, so-called a/8 structures. These
structures and their disposition form the
basis of different structural families,
depending on the number of S-strands,
their orientations and the way they are
connected. Thus the NAD-binding
domains of several dehydrogenases’ have
six parallel S-strands in a specific arrange-
ment, the Rossmann fold (c in the figure),
and GTP-binding proteins’ form a family
of structures containing five parallel and
one antiparallel S-strands (b in the figure),
the G-protein fold. From the structure of
uncoating ATPase' and that of the simi-
larly folded actin molecule, determined
by Ken Holmes and colleagues and soon
to appear in Nature’, we can now define a
third family of such a/f proteins which
have a structure that could be called the
ATPase fold.

The founding father of this family is the
glycolytic enzyme hexokinase, the struc-
ture of which was determined more than
10 years ago’. The hexokinase polypep-
tide chain is folded into two lobes, the
central core of each having the same
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