
Phasetransitionsandpower laws

1 Phasetransitions

Considerthepercolationmodel:

��������� �	�
��� �
�������

Is thereapathacrossthelatticefrom onesideto theother?Clearlyif � is very low thereis not. If it' s
high thereis. Somewherein betweenapathappears.

Let �����

��� betheprobabilitythatapathexistsacrossasystemof ����� siteswhena fraction � of the
sitesare�lled in. Here's what �����

��� lookslike:

1



0.50 0.55 0.60 0.65 0.70

occupation probability  p

0.0

0.2

0.4

0.6

0.8

1.0

cr
os

si
ng

 p
ro

ba
bi

lit
y 

 R
L

As � becomeslarge,thechangefrom no-pathto pathbecomessharperandsharper. When ���  , it
is astep—aninstantaneoustransition.This is anexampleof aphasetransition.

Anothercommonexampleof a phasetransitionis the changefrom liquid water to steamor water
vapor:
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In facttherearetwo differenttransitionstakingplacehere:

1. Whenliquid waterchangesto watervaporatconstanttemperature,wehavea�rst order phase
transition, which is characterizedby a coexistenceregion in which waterandvaporareseen
simultaneously, andby a latent heat—a �nite amountof work needsto be donein order to
drive thesystemthroughthetransition.

2. As temperatureincreasesthesizeof thecoexistenceregiondiminishesand�nally vanishes.The
pointatwhich it vanishesis acontinuousphasetransition, like thetransitionin percolation.

Theseappearas the line !#" (�rst order transition)and the point $ (continuoustransition)in the
�gure.

Othercontinousphasetransitionsinclude:

% Curiepoint &

� of amagnet.

% Thesuperconductingtransition(eitherhigh-or low- &

� superconductors).

% Theepidemictransitionof adisease��'

�)( .

% Theerrorcatastropheof populationgenetics.

% Theformationof agiantcomponentin a randomgraph(the“small-world” transition).

% Thesolvability transitionin computationcomplexity theory(e.g.,in satis�ability).

% Maybethe frozen/chaotictransitionin cellularautomata(but probablynot: theGameof Life,
which is capableof universalcomputation,hasa largebut not in�nite correlationlength).

% Maybethefrozen/chaotictransitionin Kauffman's !�*+$ modelof coevolution.

And many more,in all differentsubjects.
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2 Scalingtheory

All phasetransitionshave anorder parameter, which is a quantitywhich is zeroon onesideof the
transitionandnon-zeroon theother:

system independentvariable order parameter
percolation siteoccupationprobability fractionalsizeof spanningcluster
magnet temperature magnetization
superconductor temperature fractionof electronsin Bosecondensate
disease reproductive ratio fractionof populationaffectedby averageoutbreak
evolution mutationrate fractionof populationat �tness optimum
randomgraph meandegree fractionalsizeof giantcomponent
satis�ability ratio of variablesto clauses fractionof problemssatis�able

A continuoustransitionin onein which theorderparametervariescontinuouslyaswegothroughthe
transitionpoint. Example,percolation:
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It canhave in�nite gradientat thetransition,andoftendoes,but it cannotbediscontinuous.

At �nite systemsizes the transition is not instantaneous.
Only in thelimit of largesystemsizedo we geta sharpstep
at thetransition.

If onecalculatesthe averageclustersize, this must diverge at the transition. This divergenceis a
classicexampleof acritical phenomenon:
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Wede�ne ,.-/�

��� to bethedensityof clustersof size 0 atoccupationfraction � , excludingthespanning
clusters.It musthave thescalingform

,.-

�21

�3054763098

�;:

�30

�<� (1)

Important stuff: Considerthe following scalingargument. If we changethe scaleon which we
measureareason our latticeby a factorof = , thenall clusterschangesizeaccordingto 0
� =<0 . Of
course,thephysicsof thesystemhasn't changed,only how wemeasureit, sothischangeof variables
cannotchangethedistribution ,>- , exceptby anumericalfactorto keepthenormalizationcorrect.

Theargumentof 1

�@?

� doesn't changeanyway, because0 and 6A058 bothchangeby thesamefactor = .
But theargumentof :

�B?

� doeschange.Thus :

�B?

� mustsatisfy

:

�C=D?

�E�2F

�G=

�H:

�@?

�<I (2)

where F

�C=

� is thenumericalfactor, whichcandependon = but not ? . Let uschoosethenormalization
of : sothat :

�

(5�J�K( . Then,setting?

�)( abovewehave

:

�G=

�E�LF

�G=

� (3)

for all = andhenceF

�B?

� and :

�B?

� arethesamefunction.Thus

:

�B?�M

�J��:

�@?

�;:

�CM

�<� (4)

To solve thisequation,we take thederivativewith respectto M :
N

N

M

:

�B?�M

�J�

?

:PO

�@?�M

�E�Q:

�B?

�;:PO

�CM

�<I (5)

thenset M

�R( to get
?

:PO

�@?

�S�Q:

�B?

�;:PO

�

(5�TI (6)
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whosesolutionis UWVYX

:

�@?

�E�Z:PO

�

(5�

UWV[X

?]\_^

I (7)

where^ is anintegrationconstant.Given :

�

(5�J�)( , wemusthave ^

��� , andhence

:

�@?

�E�

?.`Pa

I (8)

whereb

�Rcd:

O

�

(e� . This functionalform is calledapower law. Thequantity b is acritical exponent.

Thedistributionof clustersizesbecomesapowerlaw exactly
at thecritical point. Indeed,thesameargumentsimply that
all distributionswill becomepower lawsat thecritical point.
This is oneof thecharacteristicfeaturesof phasetransitions.

Oneof thenicethingsaboutpower laws is that if :

�B?

�gf

?

`Pa

, then
UWV[X

:

�B?

�gfhc

b

UiV[X

?j\ constant,
sopower lawsgivestraightlineson log–loggraphs:
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3 Renormalization group

Calculatingthepropertiesof systemsat or nearthecritical point wasoneof theabidingproblemsof
twentiethcenturyphysics,until it wassolved beautifully by Ken Wilson andMichael Fisherin the
1970swith their inventionof therenormalization group (RG).Here'show youwouldusetheRGto
calculatethepositionof thephasetransitionin percolation.

3.1 RG for percolation

Hereis asimpleexampleof the(real-space)renormalizationgroupfor ourpercolationproblem.

% Closeto thecritical point, theclustersizedistribution becomespower-law, andaveragesover
thedistributionaredominatedby thelarge-0 contributions,i.e.,by largeclusters.

% Thelargeclustersareinvariantwhenwerescalethesystem.

Simplerescalingtransformation:
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Ona largesystem:

As we cansee,the transformationpreservesmostof the large-scalestructureof the con�guration,
althougha lot of thesmalldetail is lost.

Whatis theoccupationprobabilityof thenew state?Theprobabilitiesof the kl�mk blockswhichmap
to anoccupiedsitesumto

��O7�Ln<��o

�

(pcq���ro

\�k

��s

�

(pcq���

\

�7tu�2n<��ovc#�7t5� (9)

If wearepreciselyat thetransitionpoint, thenthedistributionof clustersizesdoesn't change—itis a
power law beforeandapower law afterwerescale.Thismeansthat �w� is thepointatwhich �

O

��� , or

�7t

�

c�n<��o

�

\

���J�L��I (10)

whichhassolutions� and ( (not likely), or

���x�

cy(

\{z |

n

�L����}�(e~•�€�/� (11)

Theresultfrom numericalsimulationsis ���E�����

|

�[�•�€�€� , sowe'rewithin afew percent.This is typical
of RGmethods—theanswersareprettygoodwith little effort, but theerrorsareratheruncontrolled.

4 Power laws

As wesaw, apower law is a functionof theform

1

�B?

�v�L1

�

(5�

?.`Pa

I (12)

where b is a constant.Power laws occurat critical points,but aswe will seethey occurelsewhere
also.A straight-lineform on logarithmicscalesindicatesapower law.

Thepower law is, in somerespects,a rathersurprisingfunctionalform. Weexpectto seeexponential
distributions,asarisefrom themaximizationof theGibbsentropy. Exponentialsalsoarisein many
othercontexts, particularly in the probabilitiesof thingshappeningmany timesandin solutionsof
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�rst orderdifferentialequations.Wealsoexpectto seetheGaussiandistribution,or its closerelatives
thebinomialandPoissondistributions,which arisenaturallythroughadditive randomprocessesand
thecentrallimit theorem.

But power laws area considerablyrarerphenomenonin the real world. Therearehowever quite a
numberof situationswherethey docropup,andthis leadsto speculationaboutwhattheircausemight
be.Many physicistshavesuggestedthatcritical phenomenamaybeanexplanationfor power laws in
real-world data.In recentyearstheinvestigationof power-law formsin varioussystemshasbeenone
of theprincipalpreoccupationsof thecomplex systemscommunity.

Rank/fr equencyplots: Supposea certainquantity ? hasa power-law distribution, asin Eq. (12)
above. Thentheintegralunderthedistribution from ? to  is

�l�B?

�v��1

�

(5��•l‚

ƒ

M�`Pav„7M

�

1

�

(5�

(pc

b

?.`PaT…w†

� (13)

Thisquantityis calledtherank. If 1

�B?

� is ahistogramof ? , then �l�B?

� is thenumberof measurements
which hada valuegreaterthanor equalto ? . To put it anotherway, if we number, measurements
from 1 (greatest)to , (smallest),thenthenumbergivento a measurement? is �l�B?

� . Above we see
that if 1

�B?

� is a power law, thensois �l�B?

� . Oftenoneplotsa so-calledrank/fr equencyplot, which
is �l�B?

� plottedagainst? . On log-log scalesthis shouldbe a straightline with slope c

b
\

( . This
is betterthanmakinga histogram,becauseit doesn't requireusto bin thedata—eachdatapoint gets
countedseparately.

Hereis a rank/frequency plot for our clustersizedata:
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Notethatthethingthatrankis plottedagainstis notnecessarilyafrequency. In the�rst suchplots,the
measureddatawerefrequencies,andthenamehasstuck,but in mostcasestheindependentvariable
is somethingotherthanfrequency, suchashere,whereit is clustersize.Rank/frequency plotsarealso
sometimescalledcumulativedistribution functionsor cumulativehistograms.
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4.1 Examplesof power laws

Herearesomeexamplesof datafrom varioussituationsthat show power laws. Someare normal
histograms,somearerank/frequency plots,dependingonhow theoriginaldatawerepublished.
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Top left to bottomright, theseshow:

1. thepopulationsof USciteswith morethan |

�S�Y�[� inhabitants,from theUSCensus;

2. thenumberof speciespergenusof angiosperms(�o weringplants),from Willis (1922);

3. numberof links in pageson theworld-wideweb,from Broderetal. (1999);
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4. frequency of occurrenceof wordsin theEnglishlanguage,from MobyDick;

5. peakintensityof solar�ares, from Lu andHamilton(1991);

6. normalizedintensitiesof wars1495–1973,from RobertsandTurcotte(1998).

7. areasburnedby forest�res in theAustralianCapitalTerritory, 1926–1991,from Malamudetal.
(1998);

8. sizesof craterson theMoon, from Gehrels(1994);

9. magnitudesof earthquakesin the SoutheasternUnitedStates,1974–1983,from Johnstonand
Nava(1985);

Many otherexamplesexist, includingsizesof avalanches,sizesof meteors,wealthandincomedistri-
butions,and�uctuationsin economicindices.

So areall thesepower laws examplesof critical phenomena?Somephysicistswould like to claim
that they are. The mostcursoryinspection,however, revealsthat this is an idiotic claim. Thereare
many waysin whichpower lawscanbeproduced,andonly a few realpower lawscomefrom critical
phenomena.What's interestingthoughis thatthenumberof known waysof producingpower laws is
not very large. If you �nd a power law, like theonesabove, thenumberof mechanismsthatcouldbe
behindit is rathersmall,andsothemereexistenceof a power law givesyou a lot of helpin working
out thephysicalmechanismbehindanobservedphenomenon.

4.2 Mechanismsfor creatingpower laws

Herearethemainknown mechanismsby which power lawsarecreated.

4.2.1 Critical phenomena

Wesaw thisoneearlier. This is theclassicpower-law-producingmechanismof statisticalphysics,but
it hasa big disadvantageasanexplanationfor naturalphenomena:to seethepower law you have to
beexactly at thecritical point. If you arenot at thecritical point then,aswe saw, you getsomemore
generalform suchas

,�-

�

0
`Pa

1

�G05476A058

�<I (14)

which is usuallynot a power law. This makesordinarycritical phenomenaa ratherunlikely explana-
tion of anobservedpower law. (But see“self-organizedcriticality” below.)

4.2.2 Combination of exponentials

Supposethatsomequantity M hasanexponentialdistribution:

�

�CM

�E‡�ˆ

`Š‰€‹

� (15)
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But supposethattherealquantityweareinterestedin is ? , which is givenby

?

�Lˆ•Œ

‹

� (16)

Thentheprobabilitydistributionof ? is

�

�B?

�v���

�CM

�

„7M

„�?

‡

ˆ

`Š‰€‹

Ž

ˆ

Œ

‹

�

?

`Š‰5•

Œ

`�†

Ž

I (17)

which is apower law with exponentb

�)(

\�•J4

Ž

.

Example: (Prof.Moorealreadymentionedthisone.)Supposethatthefrequency with whichwords
areusedin a languagegoesdown exponentiallywith their length ‘ (onaverage):

1

�@‘

�E‡�ˆ

`Š‰•’

� (18)

But thenumberof possiblewordsof length ‘ clearlygoesupexponentiallywith length

,E�@‘

�E‡�ˆ<Œ

’

� (19)

Sothenumberof wordsusedwith frequency 1 is

,

‡�ˆ•Œ

’

�”“•ˆT–˜—

�

c

•>‘

�;™

`

Œ

•A‰

�21

`Pa

I (20)

whereb

�

Ž

4Y• . This is known asZipf 's law of word frequency.

4.2.3 Reciprocalsof things

Supposeweareinterestedin aquantity ? , which is proportionalto thereciprocalof someotherquan-
tity M : ?

�

^•4šM . And supposeM cantake bothpositiveandnegativevalues,having somedistribution
�

�BM

� whichpassesthroughzero(andis smooththere).Thenthedistributionof ? is

�

�B?

�v�
�

�CM

�

„7M

„�?�›

c

^

M

o

�

cœ(

^

(

?

o

I (21)

wherethe approximateequalitypertainscloseto the origin. In fact, if ? is any inversepower of M ,
thenwegetapower-law distribution in ? .

A particularexampleof this is measurementsof relativechangesin quantities.Supposewe areinter-
estedin thefractionalchange

?

�ž•

M

M

I (22)

in the quantity M . If
•

M is distributedaccordingto any smoothdistribution, then the large values
of ? are dominatedby caseswhere M is closeto zero, and have the samepower-law distribution

�

�@?

�v‡

?

`

o .
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4.2.4 Randommultiplicati veprocesses

We know that randomadditive processes—onesin which a bunch of randomnumbersare added
together—give resultswhich aredistributedaccordingto a normaldistribution. Whathappensif we
multiplyabunchof randomnumbers?

?

� Ÿ

 

¡£¢

†š¤

¡ (23)

gives
UWVYX

?

��¥

¡

UWV[X

¤

¡

I (24)

so
UWV[X

? is thesumof randomnumbers,andhenceis normallydistributed.In otherwords

�

�

UWV[X

?

�v�

(

z

n9¦¨§

o

ˆ<–˜—�©

�

UWV[X

?

c«ª>�

o

nš§

o ¬

� (25)

Thusthedistributionof ? is

�

�B?

�v���

�

UWV[X

?

�

„

UWV[X

?

„�?

�

(

?

z

n9¦¨§

o

ˆT–˜—�©

�

UiV[X

?

c«ª¨�

o

nš§

o ¬

� (26)

Thisdistribution is calledthelog-normal distribution.
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(Notethatformally thereis alsoadivergencein thedistributionat theorigin. Doesthismatter?)

If
UWV[X

? is closeto its mean ª , then the exponentialis roughly constant,and the variation in �

�@?

�

comesprimarily from the leadingfactorof (

49? . But the regime in which
UiV[X

? is closeto its mean
cancorrespondto a very largerangeof ? . Supposefor examplethatwearemultiplying together100
numbersof typical logarithm1. Then ª

›

(e�Y� , and §

›

(e� . This meansthattheexponentialwill be
roughlyconstantin therange�[�®­

UiV[X

?

­R([(e� , which correspondsto a rangeof ? from (

�

(e�

sH¯ to
�

�

(€�

t;s , which is morethanfour ordersof magnitude.We would expectto seea goodpower-law
with slope cy( over this range.
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Example: A classicexampleof amultiplicativerandomprocessis wealthaccumulation.Richpeo-
plemaketheirmoney by investingthemoney they alreadyhave,andweassumethattherateatwhich
they makemoney in this fashionis in proportionto theircurrentwealth,with some�uctuationswhich
arerelatedto thewisdomof their investmentstrategy andthecurrentstateof theeconomy. In other
words,in eachinvestmentperiod,one's wealthis multiplied by somenumberwhich �uctuatesran-
domly with somedistribution. So it is a multiplicative randomprocess.If all the rich peoplestart
off with roughlythesameamountof money (“the �rst million”), thenaftersometime, their wealths
shouldbedistributedaccordingto a power law. In fact, this is just whatonesees.This explanation
was�rst proposedby HerbSimonin 1955.

Another example: It is proposedthat web pagesacquirelinks in proportionto the numberthey
alreadyhave,sothatthedistributionof numbersof links shouldbeapower law. Indeed,it is foundto
beapower law, but it doesn't haveslope cy( . Insteadtheslopeis about c�n . Why is this?

Fragmentation: Supposewe breaka stick of unit length into two partsat a positionwhich is a
randomfraction of the way alongthe stick's length. Thenwe breakthe resultingpiecesagain,and
again,andsoon. After many breaks,the lengthof oneof theremainingpieceswill be °

¡

?

¡ , where
?

¡ is the position of the ± th break. Again this is a productof randomnumbersand the resulting
distribution of lengthswill bea power law. This is thoughtto be theexplanationfor thepower-law
distributionof thesizesof meteors(andalsometeorcraters).

4.2.5 Randomextremal processes

Someprocessesshow temporal randomness,i.e.,eventswhich happenat timeswhich aredistributed
accordingto a power law. Onesuchexampleis the Omori law for earthquake aftershocks(time ²

betweenaftershocksis found to be distributedaccordingto ²

`�†

). One possibleexplanationis the
random extremal process, or record dynamics. Supposewe generatea streamof uncorrelated
randomnumbers?

¡ , andkeepa recordof the largestonewe have seenso far. What is the average
spacingbetweentherecord-breakingevents?

Supposeit takestime ²

†

to geta certainrecordbreakingevent. Thenon averageit will take aslong
againbeforewe getanothereventof thesamemagnitude(or greater).So ²

o

�³n

²

†

, andrepeatingthe
sameargument,

²H´

�2n

²H´

`�†

�2n

´

²;'

� (27)

Thenthenumberµ5, of eventsin aninterval µe² is on average

µ5,

�

µ5²·¶

„�²

„7,

�

µ5²

²;'

n5´

UWVYX

n

�

µe²

²

UWVYX

n

� (28)

Sothedistributionof timesbetweenrecordsis apower-law with slope cœ( , just like theOmori law.

Example: Supposea populationis evolving on a �tness landscape.Most of the time mostof the
populationis localizedarounda �tness peak(it formsa species).Occasionallyhowever, anoffshoot
populationmakesit to anadjacentpeak,like this:
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If thenew peakis higherthantheold one,thewholepopulationwill movethereandwegeta“punctu-
ation.” How oftenwill this happen?Well, if thelandscapeis very high-dimensional,andmutationis
random,thentheheightsof thepeakssampledwill beindependentrandomvariables,andthedynam-
ics will obey the rulesdescribedabove, with punctuationshappeningwith a power-law distribution
of timesseparatingthem.Also thetimesbetweenevents,which arethelifetimesof species,will get
longer.

Interestingly, thelifetimesof speciesdo getlonger, andmaybethey haveapower-law distribution:
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4.2.6 Self-organizedcriticality

We said in Section4.2.1 that criticality wasnot a goodway of generatingpower laws, becauseit
requiredyou to beexactly at thecritical point,which is unlikely. However, thereis way aroundthis.
Somesystemsdrive themselvesto their own critical pointsandsoproducepower laws. This is called
self-organizedcriticality . Here'saclassicexample:self-organizedpercolation,alsocalledtheforest
�r e model.

“Trees”appearon a squaregrid at a rateof oneperunit time. At a muchlower rate,“�res” startat
randompointson thegrid. If thereis a treeat thepoint wherea �re starts,the �re destroys that tree
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andthenspreadsto any adjacenttreesanddestroys them,andso on until no treesareleft for it to
spreadto. In otherwords,the�re destroys thepercolationclusterof treesat thepointwhereit strikes.

If thereis aspanningcluster, thenthereis a �nite chanceof hitting it andburningit all, which means
thatwithin a �nite time, it will begone.Soassoonasthesystempassesthepercolationthreshold,it
getsknockeddown below it again.Thusit alwaysstaysright at thethreshold.Theresultis a system
whichalwayshasa power-law distributionof �re sizesregardlessof whatstateyoustartit off in.

The sandpile: Anotherfamousexampleof aself-organizedcritical systemis thesandpile:

Sandis droppedon the top of the pile. The slopeof the edgesthusbuilds up. Avalanchesstart to
happen,and they get bigger as the slopeincreases.At somepoint—thecritical point—their size
diverges,andwe getmasstransportof sanddown the pile. This reducestheslopeagainandso we
movebackbelow thecritical point. Overall therefore,we hoveraroundcriticality andgetpower-law
distributionsin thesizesof avalanches.
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Both realavalanchesandreal forest�res arefound to have power-law distributions. Perhapsthis is
theexplanation?Maybe,but here'sanalternativeexplanation.

4.2.7 Highly optimized tolerance

Supposeinsteadof allowing treesto grow at randomin the forest,we placethemspeci�cally. How
shouldwe placethemto minimizetheaverageamountof damagedoneby the�res? Anotherway of
lookingat this is thatweshouldplace�re-breaksbetweenforeststandsandoptimizethepositionsof
thesebreaks.If �res arestartedby sparkswhich landuniformly at randomeverywherein theforest,
thenthe solutionto this optimizationproblemis simple—cutthe forest into equallysizedchunks.
However, if therearemoresparksin someareasthanothers,it turnsout thattheaveragedamagedone
by a �re is minimizedby cuttingtheforestinto chunkswhosesizevariesin inverseproportionto the
rateat which sparkslandin thatarea.You canshow thatif you take this resultanduseit to work out
what the distribution of the sizesof �res is, you get a distribution which follows a power law for a
wide varietyof choicesof thedistributionof sparks.Thusa power law is generatedby theactionsof
anexternalagent(theforester)aimingtheoptimizethebehavior of asystem(theforest).

This theoryhasbeenappliedto (amongstotherthings)realforest�res andthedistributionof �le sizes
on theworld-wideweb:
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Prettyimpressive,huh?(Well, maybe,but thejury'sstill outon thisone.)

17


