Phasdransitionsandpower laws

1 Phasetransitions

Considerthe percolatiormodel:
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Is therea pathacrosghelattice from onesideto the other?Clearlyif is verylow thereis not. If it's
highthereis. Someavherein betweera pathappears.

Let bethe probabilitythata pathexistsacrossa systemof siteswhenafraction of the
sitesare lled in. Hereswhat lookslike:
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As becomedarge,thechangdrom no-pathto pathbecomesharpeiandsharperWhen it

is astep—arnnstantaneousansition. Thisis anexampleof a phasetransition.

Anothercommonexampleof a phasetransitionis the changefrom liquid waterto steamor water
vapor:




In facttherearetwo differenttransitiongaking placehere:

1. Whenliquid waterchangegso watervaporatconstantemperatureywe havea rst order phase
transition, which is characterizedby a coexistence egionin which waterandvaporareseen
simultaneouslyand by a latent heat—a nite amountof work needsto be donein orderto
drive the systemthroughthetransition.

2. Astemperaturéncreaseshesizeof the coexistenceregiondiminishesand nally vanishesThe
pointatwhichit vanishess a continuous phasetransition, like thetransitionin percolation.

Theseappearasthe line (rst ordertransition)andthe point  (continuoustransition)in the
gure.

Othercontinousgphaseransitionsnclude:

Curiepoint of amagnet.

Thesuperconductingransition(eitherhigh-orlow-  superconductors).
Theepidemictransitionof adisease

Theerrorcatastrophef populationgenetics.

Theformationof agiantcomponentn arandomgraph(the “small-world” transition).
Thesolvability transitionin computatiorcompleity theory(e.g.,in satis ability).

Maybethe frozen/chaotidransitionin cellularautomatabut probablynot: the Gameof Life,
whichis capableof universalcomputationhasalarge but notin nite correlationlength).

Maybethefrozen/chaotidransitionin Kauffman's modelof coevolution.

And mary more,in all differentsubjects.



2 Scalingtheory

All phaseransitionshave anorder parameter, which is a quantitywhich is zeroon onesideof the
transitionandnon-zeroon the other:

system independentvariable order parameter

percolation siteoccupatiorprobability | fractionalsizeof spanningcluster

magnet temperature magnetization

superconductof temperature fractionof electronsn Bosecondensate

disease reproductve ratio fractionof populationaffectedby averageoutbreak
evolution mutationrate fractionof populationat tness optimum
randomgraph | meandegree fractionalsizeof giantcomponent

satis ability ratio of variablegto clauses| fractionof problemssatis able

A continuougdransitionin onein whichtheorderparametewvariescontinuouslyaswe go throughthe
transitionpoint. Example percolation:

1.0

0.8 |- -
[7a) L 4
c + 4
Q
c L 4
S 06 .
E L 4
o L 4
(&) L 4
o 04— _
Q L ]
o I |
s L |

0.2 — —

0-0 L L L L ‘ L L L ‘ L L L ‘ 1 1 ‘ 1 |

0.0 0.2 0.4 0.6 0.8 1.0

occupation probabilityp

It canhave in nite gradientatthetransition,andoftendoesbut it cannotbediscontinuous.

At nite systemsizesthe transitionis not instantaneous.
Only in thelimit of large systemsizedo we geta sharpstep
atthetransition.

If one calculateghe averageclustersize, this mustdiverge at the transition. This divergenceis a
classicexampleof acritical phenomenon:
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Wede ne to bethedensityof clustersof size atoccupatiorfraction , excludingthespanning

clusters.It musthave thescalingform

(1)

Important stuff: Considerthe following scalingargument. If we changethe scaleon which we

measureareason our lattice by a factorof , thenall clusterschangesizeaccordingto . Of

coursethephysicsof thesystemhasnt changedpnly how we measuret, sothis changeof variables
cannotchangehedistribution , exceptby a numericalfactorto keepthe normalizationcorrect.

The agumentof doesnt changearyway, because and  bothchangeby the samefactor .
But theargumentof doeschangeThus mustsatisfy

(2)
where is thenumericalfactor which candependon butnot . Let uschoosehenormalization
of sothat . Then,setting above we have

3)
forall andhence and arethe samefunction. Thus

(4)
To solve this equationwe take the derivative with respecto

— ()

thenset to get

(6)



whosesolutionis

(7)
where is anintegrationconstantGiven , we musthave , andhence
(8)
where . Thisfunctionalformis calleda power law. Thequantity isacritical exponent
Thedistribution of clustersizesbecomespowerlaw exactly
atthe critical point. Indeed,the sameargumentamply that
all distributionswill becomepower laws atthecritical point.
Thisis oneof the characteristideatureof phasdransitions.
Oneof thenicethingsaboutpower laws is thatif , then constant

sopower laws give straightlineson log—loggraphs:
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3 Renormalization group

Calculatingthe propertiesof systemsat or nearthe critical pointwasoneof the abidingproblemsof
twentiethcenturyphysics,until it wassolved beautifully by Ken Wilson and Michael Fisherin the
1970swith theirinventionof therenormalization group (RG). Here's how you would usethe RG to
calculatethe positionof the phaseransitionin percolation.

3.1 RG for percolation

Hereis a simpleexampleof the (real-spacejenormalizatiorgroupfor our percolationproblem.

Closeto the critical point, the clustersizedistribution becomegpower-law, andaveragesover
thedistribution aredominatedoy thelarge- contributions,i.e., by largeclusters.

Thelarge clustersareinvariantwhenwe rescalehe system.

Simplerescalingtransformation:
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Onalargesystem:

As we cansee,the transformationpreseres mostof the large-scalestructureof the con guration,
althougha lot of thesmalldetailis lost.

Whatis the occupatiorprobability of the new state?The probabilitiesof the blockswhichmap
to anoccupiedsite sumto

©)
If we arepreciselyatthetransitionpoint, thenthedistribution of clustersizesdoesnt change—iis a
power law beforeanda powerlaw afterwe rescale Thismeanghat isthepointatwhich , or
(10)

which hassolutions and (notlikely), or
] (11)
Theresultfrom numericalsimulationss , sowe're within afew percent.Thisis typical

of RG methods—th@nswersarepretty goodwith little effort, but the errorsareratheruncontrolled.

4 Power laws

As we saw, apower law is afunctionof theform
(12)

where is a constant.Power laws occurat critical points, but aswe will seethey occurelsavhere
also.A straight-lineform onlogarithmicscalesndicatesa power law.

Thepowerlaw is, in somerespectsarathersurprisingfunctionalform. We expectto seeexponential
distributions,asarisefrom the maximizationof the Gibbsentropy. Exponentialsalsoarisein mary
othercontexts, particularlyin the probabilitiesof things happeningmary timesandin solutionsof
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rst orderdifferentialequationsWe alsoexpectto seethe Gaussiaristribution, or its closerelatves
the binomialandPoissordistributions,which arisenaturallythroughadditve randomprocesseand
thecentrallimit theorem.

But power laws are a considerablyrarer phenomenorn the realworld. Therearehowever quite a
numberof situationswherethey do cropup, andthisleadsto speculatioraboutwhattheir causemight
be.Marny physicistshave suggestethatcritical phenomenanay be anexplanationfor power lawsin
real-world data.In recentyearstheinvestigatiorof powerlaw formsin varioussystemsasbeenone
of the principal preoccupationsf the complex systemsommunity

Rank/frequencyplots: Supposea certainquantity hasa powerlaw distribution, asin Eq. (12)
above. Thentheintegralunderthedistributionfrom to is

— (13)

Thisquantityis calledtherank. If isahistogranof ,then is thenumberof measurements
which hada valuegreaterthanor equalto . To putit anotherway, if we number measurements
from 1 (greatest}o (smallest)thenthe numbergivento a measurement is . Above we see
thatif is a power law, thensois . Oftenoneplotsa so-calledrank/fr equencyplot, which
is plottedagainst . Onlog-log scalesthis shouldbe a straightline with slope . This
is betterthanmakinga histogram pecauseat doesnt requireusto bin the data—eacllatapoint gets
countedseparately

Hereis arank/frequeng plot for our clustersizedata:
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Notethatthethingthatrankis plottedagainsis notnecessarilyafrequeng. In the rst suchplots,the
measurediatawerefrequenciesandthe namehasstuck,but in mostcaseghe independenvariable
is somethingptherthanfrequeng, suchashere whereit is clustersize. Rank/frequeng plotsarealso
sometimegalledcumulatve distribution functionsor cumulatve histograms.
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4.1 Examplesof power laws

Here are someexamplesof datafrom varioussituationsthat shov power laws. Someare normal
histogramssomearerank/frequeng plots,dependingn how the original datawerepublished.

100

x
=4
[
%%O
o
[e]
r [e]
10 | |
10 10° 10
city population
10'
x
§ 10 ¢ E
10 ced il il el
10’ 10 100 10° 10°
frequency of word occurrence
10 ¢ \
[
10 E Q@i@% -3
" E
£ [ 2
S0k %%%Q 1
5 E
® r %é;
o 1 L _
- @
s o
810" =
L E @, E|
t [}
(o}
10° e o 3
¥ o1
10° el vl vl el O
10° 10" 10° 10' 10°

area of fire (Krf)

10

10

genera

10

10

"~

-
(=}

=
[S)
T

o

i
X (=)
S

T

=
[S)
T

&

=
o
T

solar flare frequency (counts per day)

=
o
T

=
o,

10

[N
Q.
I

cumulative frequency

L0

Top left to bottomright, theseshow:

1. thepopulationsof US citeswith morethan

10" 10
moon crater diameter (Km)

10°
6
g 10
[=)]
©
o
o
E
4
s 10
@
Qo
£
=}
[
10°
10° o
10 10' 10° 10°
number of links
10 o
£ o)
10' | °
o
]
Q
g [
3 0
4 E
[}
3
o
o L
10" -
10 P B B -
10 10° 10*
intensity of war
10° :
8
)
5 10 F QD% .
o %,
g £
8 ©o
0
£ 10 o, il
E >
= o
g 8
10" ° e
o]
[e]
o)
o
%
100 Ll e
1 2 3 4 5 6

earthquake magnitude ( = log energy)

inhabitantsfrom the US Census;

2. thenumberof speciepergenusof angiospermsg o wering plants),from Willis (1922);

3. numberof links in pagesontheworld-wideweb,from Broderetal. (1999);

10



frequeny of occurrencef wordsin the Englishlanguagefrom Moby Dick;
peakintensityof solar ares, from Lu andHamilton (1991);

normalizedntensitiesof wars1495-1973from Robertsand Turcotte(1998).

N o A

areasdurnedby forest res in the AustralianCapitalTerritory, 1926—1991from Malamudetal.
(1998);

o

sizesof cratersonthe Moon, from Gehrelg(1994);

9. magnitudesf earthquaksin the Southeastertnited States,1974-1983from Johnstorand
Nava (1985);

Many otherexamplesexist, includingsizesof avalanchessizesof meteorswealthandincomedistri-
butions,and uctuationsin economidndices.

Soareall thesepower laws examplesof critical phenomena”Somephysicistswould like to claim
thatthey are. The mostcursoryinspection however, revealsthatthis is anidiotic claim. Thereare
mary waysin which power laws canbe producedandonly afew realpower laws comefrom critical
phenomenaWhat's interestinghoughis thatthe numberof known waysof producingpower lawsis
notverylarge. If you nd apowerlaw, like theonesabore, the numberof mechanismshatcouldbe
behindit is rathersmall,andsothe mereexistenceof a power law givesyou alot of helpin working
outthe physicalmechanisnbehindanobsenedphenomenon.

4.2 Mechanismsfor creating power laws

Herearethe mainknown mechanismgy which power laws arecreated.

4.2.1 Critical phenomena

We saw thisoneearlier Thisis theclassicpower-law-producingmechanisnof statisticalphysics but
it hasa big disadwantageasanexplanationfor naturalphenomenato seethe power law you have to
be exactly at thecritical point. If you arenotatthe critical pointthen,aswe sav, you getsomemore
generaform suchas

(14)

whichis usuallynota power law. This makesordinarycritical phenomena ratherunlikely explana-
tion of anobseredpower law. (But see”self-organizedcriticality” below.)

4.2.2 Combination of exponentials
Supposehatsomequantity hasanexponentialdistribution:

(15)
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But supposdhattherealquantitywe areinterestedn is , whichis givenby
(16)

Thenthe probability distributionof is

— (17)

whichis a power law with exponent

Example: (Prof.Moorealreadymentionedhisone.)Supposéehatthefrequeng with whichwords
areusedin alanguagegoesdown exponentiallywith theirlength (onaverage):

(18)
But thenumberof possiblewordsof length clearlygoesup exponentiallywith length

(19)
Sothenumberof wordsusedwith frequengy is

(20)

where . Thisis known asZipf'slaw of word frequeng.

4.2.3 Reciprocalsof things

Supposeave areinterestedn aquantity , whichis proportionakto thereciprocalof someotherquan-
tity . And suppose cantake both positive andnegative values having somedistribution
which passeshroughzero(andis smooththere). Thenthedistributionof is

- - —— (21)

wherethe approximateequality pertainscloseto the origin. In fact,if is anyinversepower of
thenwe geta power-law distributionin

A particularexampleof this is measurementsf relatve changesn quantities.Supposeve areinter-
estedn thefractionalchange

— (22)

in the quantity . If is distributed accordingto ary smoothdistribution, thenthe large values
of aredominatedby caseswhere is closeto zero, and have the samepowerlaw distribution

12



4.2.4 Random multiplicati ve processes

We know that randomadditive processes—ones which a bunch of randomnumbersare added
together—give resultswhich aredistributedaccordingto a normaldistribution. Whathappensf we
multiply abunchof randomnumbers?

(23)
gives
(24)
SO is thesumof randomnumbersandhences normallydistributed.In otherwords
S (25)
Thusthedistributionof s
S (26)

This distributionis calledthelog-normal distribution.
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(Notethatformally thereis alsoadivergencen thedistribution atthe origin. Doesthis matter?)

If is closeto its mean , thenthe exponentialis roughly constant,and the variationin
comesprimarily from the leadingfactor of . But theregime in which is closeto its mean
cancorrespondo averylargerangeof . Supposdor examplethatwe aremultiplying togetherl00
numbersof typical logarithm1. Then , and . This meanghatthe exponentialwill be
roughly constanin therange , Which correspond$o arangeof from to

, Which is morethanfour ordersof magnitude.We would expectto seea good powver-law
with slope  overthisrange.
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Example: A classicexampleof amultiplicative randomprocesss wealthaccumulationRich peo-
ple make their money by investingthemoney they alreadyhave, andwe assumehattherateatwhich
they make money in thisfashionis in proportionto their currentwealth,with some uctuationswhich
arerelatedto the wisdomof their investmenstratey andthe currentstateof the economy In other
words,in eachinvestmenieriod,one's wealthis multiplied by somenumberwhich uctuatesran-
domly with somedistribution. Soit is a multiplicative randomprocess.If all the rich peoplestart
off with roughlythe sameamountof money (“the rst million”), thenaftersometime, their wealths
shouldbe distributedaccordingto a power law. In fact, this is just whatone sees.This explanation
was rst proposedy Herb Simonin 1955.

Another example: It is proposedhat web pagesacquirelinks in proportionto the numberthey
alreadyhave, sothatthedistribution of numberf links shouldbeapowerlaw. Indeed,it is foundto
beapowerlaw, butit doesnt haveslope . Insteadtheslopeis about . Why is this?

Fragmentation: Supposewne breaka stick of unit lengthinto two partsat a positionwhich is a
randomfraction of the way alongthe stick's length. Thenwe breakthe resultingpiecesagain,and
again,andsoon. After mary breaksthelengthof oneof the remainingpieceswill be , Where

is the position of the th break. Again this is a productof randomnumbersand the resulting
distribution of lengthswill be a power law. This is thoughtto be the explanationfor the power-law
distribution of the sizesof meteorgandalsometeorcraters).

4.2.5 Random extremal processes

Someprocesseshav tempoal randomness,e., eventswhich happerattimeswhich aredistributed
accordingto a power law. Onesuchexampleis the Omorilaw for earthquak aftershockgtime
betweenaftershockds found to be distributedaccordingto ). One possibleexplanationis the
random extremal process or record dynamics Supposewe generatea streamof uncorrelated
randomnumbers , andkeepa recordof the largestonewe have seenso far. Whatis the average
spacingbetweertherecord-breakingvents?

Supposet takestime to geta certainrecordbreakingevent. Thenon averageit will take aslong
againbeforewe getanothereventof the samemagnitudgor greater).So , andrepeatinghe
sameargument,

(27)

Thenthenumber of eventsin aninterval is onaverage

— (28)

Sothedistribution of timesbetweerrecordss a powerlaw with slope , justlike the Omorilaw.

Example: Supposea populationis evolving on a tness landscape Most of the time mostof the
populationis localizedarounda tness peak(it formsa species) Occasionallyhowever, anoffshoot
populationmakesit to anadjacenpeak,lik e this:
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If thenew peakis higherthantheold one,thewholepopulationwill movethereandwe geta“punctu-
ation? How oftenwill this happen?Nell, if the landscapeés very high-dimensionalandmutationis
random thenthe heightsof the peakssampledwill beindependentandomvariablesandthedynam-
ics will obey the rulesdescribedabove, with punctuationdappeningwith a powerlaw distribution
of timesseparatinghem. Also thetimesbetweerevents,which arethe lifetimes of specieswill get
longer

Interestinglythelifetimesof speciesio getlonger andmaybethey have a power-law distribution:

\\{ T T \\\Hw

1000 L
100 £

10 &

frequency of occurence

0.1 E ‘ ‘ "o B

1 10 100 1000
lifetime (My)

4.2.6 Self-organizedcriticality

We saidin Section4.2.1that criticality wasnot a good way of generatingpower laws, becauset
requiredyou to be exactly at the critical point, which is unlikely. However, thereis way aroundthis.
Somesystemgirive themselesto their own critical pointsandsoproducepower laws. Thisis called
self-organizedcriticality . Heresaclassicexample:self-oganizedoercolationalsocalledtheforest
r e model.

“Trees”appearon a squaregrid at a rateof oneperunit time. At a muchlower rate,” res” startat
randompointsonthegrid. If thereis atreeatthe pointwherea re startsthe re destrysthattree
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andthenspreaddso ary adjacentreesanddestrys them,andso on until no treesareleft for it to
spreado. In otherwords,the re destrysthepercolationclusterof treesatthe pointwhereit strikes.

If thereis aspanningcluster thenthereis a nite chanceof hitting it andburningit all, which means
thatwithin a nite time, it will begone.Soassoonasthe systempasseshe percolationthreshold|t
getsknockeddown below it again. Thusit alwaysstaysright at thethreshold.Theresultis a system
which alwayshasa power-law distributionof re sizesregardlesof whatstateyou startit off in.

The sandpile: Anotherfamousexampleof a self-olganizedcritical systemis the sandpile:

Sandis droppedon the top of the pile. The slopeof the edgesthusbuilds up. Avalanchesstartto
happen,andthey get biggerasthe slopeincreases.At somepoint—thecritical point—their size
diverges,andwe get masstransportof sanddown the pile. This reduceghe slopeagainandsowe
move backbelow the critical point. Overall therefore we hover aroundcriticality andget power-law
distributionsin the sizesof avalanches.
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Both real avalanchesandreal forest res arefoundto have powerlaw distributions. Perhapghis is
the explanation?Maybe,but heres analternatve explanation.

4.2.7 Highly optimized tolerance

Supposensteadof allowing treesto grow at randomin the forest,we placethemspeci cally. How
shouldwe placethemto minimize the averageamountof damageloneby the res? Anotherway of
looking atthisis thatwe shouldplace re-breaksbetweerforeststandsandoptimizethe positionsof
thesebreaks.If res arestartedby sparkswhich land uniformly atrandomeverywherein the forest,
thenthe solutionto this optimizationproblemis simple—cutthe forestinto equally sizedchunks.
However, if therearemoresparksn someareaghanothers,t turnsoutthattheaveragedamagelone
by a re is minimizedby cuttingtheforestinto chunkswhosesizevariesin inverseproportionto the
rateat which sparkdandin thatarea.You canshaw thatif you take this resultanduseit to work out
whatthe distribution of the sizesof res is, you geta distribution which follows a power law for a
wide variety of choicesof the distribution of sparks.Thusa power law is generatedby the actionsof
anexternalagent(theforester)aimingthe optimizethe behaior of a system(theforest).

Thistheoryhasbeenappliedto (amongsbtherthings)realforest res andthedistributionof le sizes
ontheworld-wideweb:

-6 -4 -2 log() 0 2

Prettyimpressve, huh?(Well, maybe but thejury's still outonthisone.)
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