
RESEARCH STATEMENT FOR EMILY GAMBER BURKHEADMy work is on the 
lassi�
ation problem of 
ellular automata in arbitrary dimensions andon arbitrary subshift spa
es, from the point of view of symboli
 and topologi
al dynami
s.A 
ellular automaton is a tool used to model 
omplex systems, making dis
rete simulationsof an intri
ate pro
ess. Originally introdu
ed by John von Neumann, following a suggestionof Stanislaw Ulam in the early 1950's, the purpose of this new tool was to 
onstru
t asimple mathemati
al model 
apable of both universal 
omputation and self-reprodu
tion[1℄. Cellular automata were �rst investigated from a purely mathemati
al point of viewin 1969 with Hedlund's formative paper [4℄. This work was motivated by then-
urrentproblems in symboli
 dynami
s, possibly those of a 
ryptographi
 nature.The full shift spa
e in dimension D is denoted AZD, where A is a �nite alphabet. Pointsin AZD are indexed by D-ve
tors of integers and have a value from A at ea
h 
oordinate.On ea
h full shift spa
e, there is a ZD a
tion given by the shift transformations,(1) (�~nx)~{ = x~{+~n:AZD is equipped with a standard metri
, making it a 
ompa
t metri
 spa
e; the shifta
tion is 
ontinuous. A 
losed, �-invariant subspa
e X � AZD is a subshift spa
e. A
ellular automaton is de�ned to be a 
ontinuous, shift-
ommuting map on a subshift spa
e,F : X ! X.I have given a 
lassi�
ation of 
ellular automata in dimensions 2 and higher in terms oftopologi
al dynami
al properties, extending the one-dimensional work of K�urka and others,see e.g. [2, 5℄. The �rst di
hotomy in this 
lassi�
ation is sensitive dependen
e on initial
onditions versus the existen
e of equi
ontinuity points. A dynami
al system has sensitivedependen
e on initial 
onditions if there is a uniform distan
e, ", su
h that given any initialpoint, there is another point arbitrarily 
lose that eventually gets pushed " away underiteration of the system. A point x 2 X is a point of equi
ontinuity for a dynami
al systemif any point whi
h is initially 
lose enough to it stays 
lose under iteration of the system.Proposition 1. Let X � AZD be a subshift spa
e and let F : X ! X be a 
ellularautomaton. If there exists a point of equi
ontinuity for F , then F does not have sensitivedependen
e on initial 
onditions.A dynami
al system is equi
ontinuous if ea
h of its points is a point of equi
ontinuity andis almost equi
ontinuous if the set of equi
ontinuity points 
ontains an interse
tion of denseopen sets. The property of being equi
ontinuous is quite strong for 
ellular automata, as iseviden
ed in Theorems (2) through (4).Theorem 2. Let X � AZD be a subshift and let F : X ! X be a 
ellular automaton.F is equi
ontinuous if and only if 9 M � 0 su
h that for x; y 2 X with d(x; y) < 2�M ,d(F nx; F ny) < 1 8 n � 0.Theorem 3. Let X � AZD be a subshift with dense �-periodi
 points and let F : X ! Xbe a 
ellular automaton. F is equi
ontinuous if and only if F is eventually periodi
.Theorem 4. Let X � AZD be a subshift with dense �-periodi
 points, and let F : X ! Xbe a 
ellular automaton. F is both equi
ontinuous and surje
tive if and only if F is periodi
.1



2 RESEARCH STATEMENT FOR EMILY GAMBER BURKHEADIf we have any CA, F , on a subshift, X 2 AZD, then even if F is not equi
ontinuous, we
an obtain F -eventually periodi
 points. These are the points whi
h are periodi
 under theshift a
tion.Proposition 5. Let X � AZD be a subshift spa
e and let F : X ! X be a 
ellular automa-ton. If x 2 X has �~{x = x for some ~{ 2 ZD, then there exist integers m � 0 and p > 0 sothat Fm+px = Fmx.Conversely, shift periodi
 points arise from attra
ting F -periodi
 points. However, thenature of 
ellular automata di
tate that an F -periodi
 point must a
tually be �xed, underboth the 
ellular automaton itself and the shift a
tion.Proposition 6. Let X � AZD be a subshift spa
e on whi
h the shift a
tion is mixing, andlet F : X ! X be a 
ellular automaton. If x 2 X is an attra
ting periodi
 point for F , thenFx = x and �~{ x = x for all ~i 2 ZD. That is, x is a �xed point with respe
t to both the
ellular automaton and the shift a
tion.In one dimension, equi
ontinuous and almost equi
ontinuous 
ellular automata are 
loselylinked to the presen
e of blo
king words, a word whose o

urren
e in a point determinessome of the values in all iterates of that point [2, 5℄. I have generalized the notion of blo
kingto patterns in higher dimensions, introdu
ing a new notion of fully blo
king, and use su
hpatterns to 
hara
terize 
ellular automata with points of equi
ontinuity. A fully blo
kingpattern for a 
ellular automaton, F : X ! X, is one whose o

urren
e in x 2 X at the
oordinates E � ZD determines the values of F nx in all 
oordinates of E for all time n.Theorem 7. Let X � AZD be a subshift and let F : X ! X be a 
ellular automaton withradius r that is not sensitive. Then there exists an (r; r; � � � ; r)-blo
king pattern for F .Theorem 8. Let F : AZD ! AZD be a 
ellular automaton with radius r. If there existsa fully blo
king pattern of size k � k � � � � � k for F , where k � r, then F is almostequi
ontinuous.Theorem 9. Let F : AZD ! AZD be a 
ellular automaton with radius r. If there existsk � r su
h that every pattern of size k � k � � � � � k is fully blo
king for F , then F isequi
ontinuous.Proposition 10. Let X � AZD be a subshift and let F : X ! X be an almost equi
ontin-uous 
ellular automaton. Then F does not have sensitive dependen
e on initial 
onditions.Theorems (7) and (8), and Proposition (10) give part of an extension of K�urka's resultthat the properties almost equi
ontinuous, not sensitive, and existen
e of blo
king patternsare equivalent for one-dimensional 
ellular automata [5℄. However, even in dimension 2, Ihave 
onstru
ted examples of almost equi
ontinuous 
ellular automata whi
h do not havefully blo
king patterns. However, ea
h of these examples does have a pattern whi
h allowsfor no 
ra
ks when the pattern is used to form a boundary around the 
oordinates in theepsilon region; this leads to another suÆ
ient 
ondition to guarantee a 
ellular automatonis almost equi
ontinuous.Theorem 11. Let F : AZ2 ! AZ2 be a 
ellular automaton with radius r. If there ex-ists a pattern u whi
h blo
ks a 
ross 
ontaining an r � r square for F , then F is almostequi
ontinuous.Another topologi
al property of interest is that of transitivity; a dynami
al system (Y; T )is transitive if there is a point y 2 Y with a dense forward orbit, Y = fT ny : n � 0g. Asin the one-dimensional 
ase [5℄, transitive 
ellular automata in higher dimensions must besensitive if the subshift spa
e is in�nite.



RESEARCH STATEMENT FOR EMILY GAMBER BURKHEAD 3Theorem 12. Let F : AZD ! AZD be a 
ellular automata and suppose X � AZD is an F -invariant subshift. If (X;F ) is transitive, then it either has sensitive dependen
e on initial
onditions or it 
onsists of a single periodi
 orbit.Corollary 13. Every 
ellular automaton on an in�nite subshift whi
h is transitive mustalso be surje
tive and have sensitive dependen
e on initial 
onditions.We also 
onsider the property of expansivity. Expansive systems di�er from systemswith sensitive dependen
e on initial 
onditions by requiring that every pair of distin
tpoints eventually gets pushed a uniform distan
e apart under iteration. That is, (Y; T ) isexpansive if 9 " > 0 su
h that for any pair x 6= y 2 Y , d(T nx; T ny) � " for some n � 0. In[6℄, Shereshevsky shows that there are no expansive 
ellular automata on full shift spa
esin dimensions two and higher due to the positive entropy of the underlying shift a
tion.However, expansive 
ellular automata 
an exist on subshift spa
es for whi
h the entropy ofthe underlying shift a
tion is 0, and I have built a 
lass of su
h subshift spa
es in higherdimensions.Theorem 14. For j 2 Z, let �j : AZD+1 ! AZD be the restri
tion map onto the jth D-plane, given by (�j x)(i1;��� ;iD) = x(i1;��� ;iD;j): Let F : AZD ! AZD be a surje
tive CA, andde�ne XF = nx 2 AZD+1 : 8 j 2 Z; �jx = F Æ �j+1xo :Then the topologi
al entropy of the shift a
tion on XF is 0.Further, I have shown that there are subshift spa
es in every dimension that have anexpansive 
ellular automaton.Theorem 15. For any D � 1, there exists a subshift spa
e X � AZD and a 
ellularautomaton F : X ! X whi
h is expansive.In [5℄, K�urka gives a diagram showing the intera
tion of topologi
al properties for one-dimensional 
ellular automata. I give analogous diagrams illustrating the intera
tion of thetopologi
al properties for higher dimensional 
ellular automata, one in the 
ase where thebase spa
e is a full shift spa
e and one in the 
ase where the base spa
e is a subshift spa
eswith dense �-periodi
 points. I already have many examples of 
ellular automata, and planto 
ontinue investigating examples both on the full shift spa
es and on subshift spa
es.Theorem 16. In Figures (1) and (2), there exist examples of 
ellular automata at thelo
ations marked with �.In addition to the topologi
al properties addressed here, I am also interested in measure-theoreti
 properties of higher dimensional 
ellular automata. In dimension one, Gilman hasshown that with respe
t to a stationary, fully-supported Markov measure, every 
ellularautomaton, F : AZ! AZ, is either equi
ontinuous on a 
losed, F -invariant set of measurearbitrarily 
lose to 1; or, there is an expansive 
onstant " > 0 so that for all x 2 AZ, the setof points y 2 AZ having d(F nx; F ny) < " for all n � 0 has measure 0 [3℄. I have extendedthis result to the setting of irredu
ible shifts of �nite type, and I would like to investigatesu
h a 
lassi�
ation for 
ellular automata both on full shift and subshift spa
es in higherdimensions. I am also interested in the ergodi
 properties of 
ellular automata in higherdimensions and how these properties are governed by the 
hoi
e of a measure on the shiftspa
e. These are the areas in whi
h I plan to work next.
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Figure 1. CA's on a Full Shift Spa
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Figure 2. CA's on a Subshift Spa
e with Dense �-Periodi
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