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The Briefest of Introductions to Conditional
and Joint Probabilities

“Bayesian reasoning” is a fancy phrase for “the use of probabilities to represent
degree of belief, and the manipulation of those probabilities in accordance with
the standard rules.” These standard rules are derived in Ref. [1] (Lecture Four,
“Laplace’s Model of Common Sense”). There are many ways to derive them,
ranging from the philosophical (“consistent reason requires us to do this”) to
the economic (“if you don’t do this, I can induce you to place a series of bets
with me that you will be guaranteed to lose every time.”)
The most basic of these rules is how to turn joint probabilities into conditional probabilities. We have the following identity:
P (x, y) = P (x|y)P (y) = P (y|x)P (x),

(1)

where P (x, y) is the probability of both x and y being true (the joint probability), and P (x|y) is the probability of x being true conditional on y being
true. Here x and y are shorthand for sentences; for example, x might stand for
“the student chosen at random is blond”, and y might stand for “the student
chosen at random is male.” You should try saying Eq. 1 out loud, using explicit
sentences for x and y, to see if it sounds reasonable to you.
By convention, x is drawn from a set of possibilities we label X, and y from
a set of possibilities we label Y ; X and Y , once we attribute probabilities to
their sentences, are often called “random variables”. Each set should exhaust all
the possible values for that variable, and be mutually exclusive: for example, Y
will probably be a pair of sentences, {“the student chosen at random is male”,
“the student chosen at random is female”}.
Many errors in working with probabilities have their source in ambiguities.
Most commonly, ambiguities involving the sentences that make up your sets.
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Consider the following scenario: Cody Zeller is near a Penn State player in the
final quarter; the Penn State player trips and falls. You are curious about how
the Penn State player being on the ground is related to the possibility that
Zeller fouled him.
You might consider having two random variables to describe the situation.
One, call it X, might have two sentences, {“Zeller fouled the guy”, “Zeller didn’t
foul the guy”}; the other, call it Y , might be {“Penn State guy hasn’t tripped”,
“Penn State guy has tripped”}. Because each of these sets separately exhausts
the possibilities, they’re good.1
Or you might consider one random variable, Z that has four sentences,
combining all the different possibilities, such as “‘Zeller fouled the guy and
the Penn State guy hasn’t tripped”. But if you tried to reason from a variable
Z that had two only two sentences, {“Zeller fouled and the guy tripped”, “Zeller
didn’t foul and the guy tripped”}, you would later find yourself in confusion—it
is entirely possible that Zeller did foul the guy, but he caught his balance and
didn’t trip, and by excluding this from your set, you will get incorrect answers
when you grind through the mathematics.
Or, if you had two sentences, {“Zeller fouled”, “Zeller fouled and the guy
fell”}—in this case, the sentences are not mutually exclusive (both could be true
at the same time). Often a sign you’ve messed up here is that your probabilities
for all the items in a random variable don’t sum to unity.2 In looking at the inclass feedbacks, many errors and confusions that students have may be avoided
by thinking clearly about these sets.
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Bayes Theorem and Madame Blatavsky

The identity Eq. 1 is the basis of something famously known as “Bayes Theorem”. You just divide both sides by P (y):
P (x|y) =

P (y|x)P (x)
P (y)

(2)

That’s it. Just thinking carefully about how to set up problems, and using this
equation at critical moments, will make you an ideal reasoner—in an important
sense, an optimal reasoner.3
Bayes Theorem is something you can use to win arguments against statistics
nerds, and telling them they’ve violated it is sort of like telling an ordinary
1 Here you know they do because of something pretentiously called the “law of the excluded
middle”—which says that “either x is true, or not-x is true.” Once something obvious is called
a law, you have the benefit of being able to ask what happens if the law isn’t true. Some
(to this author tendentious) interpretations of quantum mechanics make use of novel logical
systems that violate the law of excluded middle.
2 If this happens, you are allowed to stand up and shout in a science fiction action hero
voice, “unitarity violation!”
3 You can be an optimal reasoner with the wrong facts, or an optimal reasoner with the
right facts and the wrong belief space (set of sentences). We’ll see examples of both later in
this guide. Being optimal doesn’t mean being right about anything.
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person that they have a rip in the seat of their pants. They are going to want
to check that out right away.
Bayes Theorem gets its power from how it can invert a kind of question you
tend to ask, but can’t answer, into a question that sounds a bit weird, but it
turns out you can answer. We’ll use T and D as our random variables now,
where T stands for a set of (exhaustive and mutually exclusive) theories about
the world, and D for the kind of data you might get.
We often want to know what our degree of belief should be in a theory t,
given some data d. This is a profound problem when the theories are of great
import and the data expensive and hard to gather. To have some fun, we’ll do
some toy problems: made-up scenarios that will help you build your intuition
and give you the skills to reason when it matters. We begin with the example
from (our) Lecture Two, on ESP.
Our friend Artemy4 returns from a trip to New York City, reporting that
he saw Madame Blatavsky, the famous clairvoyant, successfully predict the outcome of 100 coin tosses. Should we believe in ESP, the theory that some people
have a magical ability to sense the future?
We start by setting up our T and D. T is {“ESP is real”, “ESP is not real”}.
D is {“Madame Blatavsky is no better than chance at predicting the toss of
an unbiased coin”, “Madame Blatavsky can predict perfectly the outcome of
100 coin tosses”}. We’ll abbreviate these as T ={ESP,∼ESP} and D={normal,
predict}; the little ∼ is shorthand for “not”. We want to know the following:
conditional on predict, what degree of belief should I have in ESP ? Using a
rearrangement of Eq. 1, we have
P (ESP|predict) =

P (predict|ESP)P (ESP)
.
P (predict)

(3)

We’ll go term by term on the right-hand side. P (predict|ESP) means “what’s
the chance that we get the data {Madame Blatavsky predicts perfectly} given
the truth of the theory ESP.” Let’s say that if ESP is real, Madame Blatavsky
almost certainly has it, and if she has it, she can do amazing predictions like
these, so we set that at 0.9—i.e., only a 10% chance she’ll screw up using her
(real) magic powers.
P (ESP) is the prior belief you have in ESP—the degree of belief you attribute
to the possibility before hearing about the new data. Let’s say you’re a scientist;
you attribute low value to these kinds of things, but (you’re a scientist)—nothing
is impossible, so we’ll say 10−12 . You think it’s more likely you’ll die in a plane
crash on your next flight than ESP turns out to be real.5
Finally, P (predict): the probability this prediction event happens. I always
find this term hard to think about, but then I just recall that P (ESP|predict) +
4 A parallel universe version of our fearless Associate Instructor and Data-Punk, Artemy
Kolchinsky.
5 In his lectures, E. T. Jaynes would write this as (ESP, X), where X covers all the prior
experience the robot has with the world, and he leaves off the P to be strange.
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P (∼ ESP|predict) has to sum to unity.6
P (predict)

= P (predict|ESP)P (ESP)
+ P (predict| ∼ ESP)P (∼ ESP).

P (∼ ESP) is easy—that’s just 1 − P (ESP), or 1 − 10−12 . P (predict| ∼ ESP)
is the chance of guessing one hundred coin tosses in a row, given the fact that it’s
impossible to see the future (so you have to guess). That is just 0.5 × 0.5 × . . .—
you have a fifty-fifty chance the first time, times a fifty-fifty chance the second,
and so forth. For 100 tosses, it’s 2−100 , or about 7 × 10−31 . We’re set—we can
now plug in all the numbers to discover that
P (ESP|predict) =

0.9 × 10−12
≈ 1 − 10−18 ,
0.9 × 10−12 + 7 × 10−31 (1 − 10−12 )

(4)

or, in words: ESP is almost certainly true, conditional on Madame Blatavsky’s
performance.
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Observer Reliability and Hume’s Argument
against Miracles

Or is it? Let’s go back to our theory set, T , and enlarge it. What if we allowed
for another possibility: our friend Artemy is delusional, or was gulled by a stage
magician? T is now {“ESP is real, Artemy is not crazy”, “ESP is not real,
Artemy is not crazy’, “ESP is real, Artemy is crazy”, “ESP is not real, Artemy
is crazy”}. We’ll abbreviate as before: {ESP&ANC, ∼ESP&ANC, ESP&AC,
∼ESP&AC}. We can assume that our theories have two sort of independent
parts, so that we can write
P (ESP&ANC) = P (ESP)P (ANC).

(5)

You are welcome to ask the question, what if our prior doesn’t decompose like
this? It would mean that, for example, the prior truth or untruth of ESP
somehow affects whether or not Artemy is crazy.
We consider Artemy a usually very reliable guy, so the chance that he’s crazy,
let’s say, is 10−6 . It’s very unlikely that Artemy is crazy—about ten times less
than the lifetime chance of dying from being struck by lightning.7 Now,
P (ESP&ANC|predict) =

P (predict|ESP&ANC)P (ESP)P (ANC)
.
P (predict)

(6)

Let’s say that if Artemy is not crazy, but ESP is real, P (predict|ESP&ANC)
is just P (predict|ESP)—we previously agreed that that was 0.9. But now the
6 Rewrite Eq. 3 for P (∼ ESP|predict), set the sum of that and Eq. 3 equal to 1, and solve
for P (predict).
7 National Safety Council, Injury Facts 2013.
http://www.nsc.org/news_resources/
injury_and_death_statistics/Documents/Injury_Facts_43.pdf.
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denominator has changed—we’ll compute P (predict) by summing over four possibilities, not two. Rather than be tedious about it, let’s ask a slightly different
question. What’s the odds-ratio of ESP&ANC vs. ∼ESP&AC? How much more
likely is it that ESP is false, and Artemy is crazy, rather than ESP is true and
Artemy not crazy? We’ll just divide the two,
P (predict| ∼ ESP&AC)P (∼ ESP)P (AC)
P (∼ ESP&AC|predict)
=
,
P (ESP&ANC|predict)
P (predict|ESP&ANC)P (ESP)P (ANC)

(7)

where (to be clear) we know the denominator from Eq. 6, we had to use Eq. 1
to get the numerator, and that annoying P (predict) cancelled. We just need
to specify our theory of what happens when ESP is false, but Artemy is crazy.
In this case, let’s say, Artemy can be led to believe crazy things by a pseudomagician without much difficultly, and P (predict| ∼ ESP&AC) is, let’s say,
0.9.
0.9 × (1 − 10−12 ) × 10−6
P (∼ ESP&AC|predict)
=
≈ 106 ,
(8)
P (ESP&ANC|predict)
0.9 × 10−12 × (1 − 10−6 )
or, in words: it’s a million times more likely that Artemy is crazy, than ESP is
real.
I leave you with this quotation from the famous free-thinker, philosopher
and Scotsman, David Hume, who writes in his essay “Of Miracles” in 1784,
The plain consequence is (and it is a general maxim worthy of our
attention), “That no testimony is sufficient to establish a miracle,
unless the testimony be of such a kind, that its falsehood would be
more miraculous, than the fact, which it endeavours to establish:
And even in that case, there is a mutual destruction of arguments,
and the superior only gives us an assurance suitable to that degree
of force, which remains, after deducting the inferior.”
When anyone tells me, that he saw a dead man restored to life,
I immediately consider with myself, whether it be more probable,
that this person should either deceive or be deceived, or that the
fact, which he relates, should really have happened. I weigh the one
miracle against the other; and according to the superiority, which
I discover, I pronounce my decision, and always reject the greater
miracle. If the falsehood of his testimony would be more miraculous,
than the event which he relates; then, and not till then, can he
pretend to command my belief or opinion.
Sorry Artemy.
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Friends in a Bar

We covered both the Cody Zeller and the ESP case in lectures and test your
knowledge questions. We’ll end with a new example, so you can see how more
complex reasoning gets phrased in a Bayesian fashion.
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You wake up Sunday morning after a night out at the bar. You recall seeing
two people, A and B, the evening before, and recall further that they walked in
together. Given that, what’s the chance A and B are friends?8
We’ll write down some reasoning that will allow us to determine your degree
of belief in the theory “these two people are friends.” Then we’ll examine
whether or not we want to believe the chain of reasoning that got us there.
We have a pretty simple theory space, T ={“A and B are friends,” “A and
B are not friends”}, or {friends, not-friends} for short. The possible data is
pretty simple too: D={“A and B walk in together”, “A and B walk in at separate times”}.9 We’ll abbreviate “A and B walk in together”, the first possible
observation (and the one that actually happened), as AB.
We want to know P (friends|AB). Working through Eq. 1, and doing the
trick to turn the denominator into a something easier to think about, we have
P (AB|friends)P (friends)
.
P (AB|friends)P (friends) + P (AB|not-friends)P (not-friends)
(9)
Let’s start with a term in the denominator, P (AB|not-friends). What the chance
that A and B walk into a bar together given that they’re strangers?
This is a weird question, but we can reason as follows. If they’re strangers,
we’ll assume that they go to the bar independently. If A and B are drawn
from the student population, and we know that they’ve chosen to go to this
bar tonight, then the chance of them walking in together in the same minute is
roughly
2 minutes
P (AB|not-friends) =
(10)
3 hours
or about 10−2 ; given that they’ve both chosen to go to the bar, it’s about a 1%
chance they’ll arrive at just the same time. Here we’ve assumed that the bar is
open for three hours; this is the chance that B happened to show up within the
one minute after A (or, the one minute before A) given that he had three hours
to choose his entry time from.10
We’re assuming here that A and B go to the bar at random within the
opening hours—naturally, not a realistic assumption! But we’ll plunge ahead.
P (friends|AB) =

8 There

is a more creepy version of this problem which is figuring out if they’re dating,
given genders, priors on various mate preferences and the probability of it being a possible
match but “they’re just friends.” It is creepier, but perhaps a good exercise to work out!
9 Note that we are only thinking about A and B because they happen to have both spent
time in the bar that evening. So it is not possible, in our data, to observe “A and B never
appear.” Note further that it is possible for us to have observed “A and B walk in at separate
times”—this is because we’re considering a pair of names drawn from everyone who was at
the bar that night. These are subtle distinctions (officially, this is known as “post-selection”)
that can often be extremely confusing—unless you are clear about your variable spaces: about
not only what you did see, but also what it would have been possible for you to not see.
10 Here is where the post-selection problem appears. If we had been thinking about an
arbitrary couple, the probability P (AB|not-friends) would be much smaller, since it would
include two additional factors: that A went to this particular bar, and B went to this particular
bar. Meanwhile, if we only asked the question because we saw them walk into the bar together,
P (AB|not-friends) would be equal to P (AB|friends) and both would be one. You can work
out easily that in this case, our belief would be strictly given by our prior.
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What happens if A and B are friends? Let’s say that there’s a 20% chance
they’ll coordinate. If they coordinate, they will (with let’s say 0.99 certainty)
arrive within one minute of each other—they are very nice and reliable people.
Otherwise, they’ll have an 80% chance of just doing the regular thing uncoordinating people do. This means that
P (AB|friends) = 0.2 × 0.99 + 0.8 × P (AB|not-friends).

(11)

We have one last thing to fill in—our priors! If it’s a college campus, then
there are about 104 students. Each student, let’s say, has about 150 friends11
So picking two students at random, and assuming that each student chooses
friends at random from the student population as a whole, we have P (friends),
the probability that two randomly chosen students are friends, equal to 150/104
or 0.015.
We can now substitute in
(0.2 × 0.99 + 0.8 × 10−2 )0.015
≈ 0.238
(0.2 × 0.99 + 0.8 × 10−2 )0.015 + 10−2 (1 − 0.015)
(12)
or, you should ascribe a probability, or degree of belief, of about 24% that the
two students are friends. This is much higher than your prior belief (about
1.5%). But it’s not super-super likely. You shouldn’t place a bet on it, for
example, unless the pay-off is better than four-to-one, i.e., you get four dollars
or more if you’re right, and bet one dollar.
The reasoning in this section is correctly derived. But correctly derived does
not mean “true”.
There are an enormous number of simplifications and approximations we’ve
made—including, but not limited to: everyone chooses friends at random (equivalent to saying “everyone has on average equal popularity”); people go to the
bar once, at a random time during opening hours; people go to the bar independently of each other when they’re strangers—bars are never hopping (people go
because others go); friends coordinate sometimes and are otherwise strangers—
it’s not the case that two people who like each other also like a band playing
that night.
In addition, we have neglected/not explicitly modeled network effects: the
chance that A goes to the bar to meet C, B also goes to meet C, and A and B
sharing a friend C makes it more likely that A and B are friends.
All of these facts undermine the chain of reasoning that gets us to the 24%
degree of belief result. The reasoning is fine, but the theories—the ways we
construct P (AB|friends), for example—are flawed. The benefit of Bayesian
reasoning here is not that it gives us a good thing to believe while sitting at a
bar; rather that it helps us—or rather, forces us—to frame explicitly the set of
theories we’re using, and the consequences for observations.
P (friends|AB) =

11 This is picked a bit arbitrarily, but in part because it corresponds to what is called
“Dunbar’s number”; from Wikipedia: “a suggested cognitive limit to the number of people
with whom one can maintain stable social relationships”. http://en.wikipedia.org/wiki/
Dunbar’s_number.
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